Abstract. We propose alternative definitions of classical states and quantumness witnesses by focusing on the algebra of observables of the system. A central role will be assumed by the anticommutator of the observables, namely the Jordan product. This approach turns out to be suitable for generalizations to infinite dimensional systems. We then show that the whole algebra of observables can be generated by three elements by repeated application of the Jordan product.
Introduction and motivations
The definition and characterization of the quantum features of a physical system is an important problem, both for its fundamental implications and its practical aspects, due to the advent of quantum information processing [1] . There are tasks in computation and communication that can be efficiently performed only if quantum resources are available. Classical systems are not suitable for such applications.
A recent attempt to define and discriminate quantumness and classicality was made in Refs. [2, 3] by Alicki and collaborators, who introduced the idea of "quantumness witness", motivating interesting experiments [4, 5] . These experiments checked the quantumness of the system investigated (a photon) and ruled out possible (semi)classical descriptions.
These studies, as well as those that ensued [6, 7, 8] , focused on finite-dimensional systems. In brief, the approach was the following. Consider a physical system and its C * -algebra A [9, 10] . The key observation [2, 3] is to notice that the following two statements are equivalent: given any pair a, b ∈ A, i) A is commutative: [a, b] = i 2 (ab − ba) = 0;
ii) a ≥ 0, b ≥ 0 −→ {a, b} = ab + ba ≥ 0.
[We introduced an additional factor i/2 in (1) with respect to the familiar definition of commutator. In this way the space of real elements acquires the structure of a Lie algebra.] Therefore, if the symmetrized product (2) of two positive observables can take negative values, the algebra A is non-Abelian and the system is quantum. A state ρ of a quantum (or classical) system is defined to be classical [6] if
Classical states are therefore "transparent" to all commutators and in this sense do not "detect" the non-commutativity of the algebra. An observable q = {a, b}, with a, b positive, is positive on all classical states, but can take negative values for quantum states, "witnessing" in this way the "quantumness" of the system. In the above definitions, the focus is on the whole C * -algebra which is assumed to embed the real algebra of observables. In this article we will propose alternative definitions that directly refer to the algebra of observables and can be generalized to infinite-dimensional systems.
Lie-Jordan algebras
Let A be an associative * −algebra. We denote by L the (real) self-adjoint part of A, i.e. the algebra of observables
which, when A is noncommutative, is not closed under the associative product:
for some a, b ∈ L. This requires the introduction of new algebraic structures. By following the seminal ideas by Jordan [11] , later developed in conjunction with Wigner and von Neumann [12] , we define the Jordan product [13] as the symmetrized product
The self-adjoint algebra L is closed with respect to this commutative product
but it is not associative. However it satisfies a weak form of associativity
where
The algebra L is also naturally endowed with a Lie product
where the factor 1/2 is introduced for convenience and the imaginary unit in order to make the product self-adjoint:
This antisymmetric bilinear form equips L with a Lie algebra structure, since it verifies the Jacobi identity:
Note that these two operations are compatible in the sense that the Leibniz identity is satisfied
Moreover, the lack of associativity of the Jordan product is related to the Lie bracket by
The above identity will be central in our analysis. It offers a remarkable physical insight. The lack of commutativity (right-hand side) turns out to be related to the symmetric product in a way that is different (and as we will argue, more general) from Eqs. (1)- (2) . This observation will enable us to define the quantumness of a physical system in terms of the lack of associativity of its Jordan product. A real vector space L with a symmetric operation • and an antisymmetric one [·, ·], satisfying properties (12), (13) and (14) will be called a Lie-Jordan algebra.
Remark. If we are given a Lie-Jordan algebra L, we can always recover the associative product on the complexified vector space L C = L ⊕ iL by defining
that justifies all factors 1/2.
Infinite-dimensional case
For infinite-dimensional algebras one introduces a Banach structure on the algebra, that is a complete norm · verifying ∀ a, b ∈ L:
In this case the Lie-Jordan algebra is called a Lie-Jordan Banach (LJB) algebra. A key observation helps clarifying the unique correspondence between LJB-algebras and C * -algebras [14] : a C * -algebra is always the complexification of a LJB-algebra and inherits the norm x = x * x 1/2 , where x = a + ib and x * x ∈ L. Hence from an algebraic (and topological) point of view it is completely equivalent to consider C * -algebras or LJB-algebras. For instance, commutative C * -algebras are given by the associative LJB-algebras, i.e. Lie-Jordan algebras where the Jordan product is associative. This can be easily proved.
Proof. Assume first that A is commutative. Then, trivially, from the associator identity (14) it follows that the LJB-algebra L is associative. Conversely, if L is associative, then any triple commutator vanishes, so
where we used the Leibnitz identity in the second and the third equality. In conclusion,
Classical systems (namely those systems whose observables make up an Abelian algebra) are therefore characterized by associative LJB-algebras. In the Appendix it is further analyzed how the commutation of the operators can be expressed in terms of the Jordan product only. In the next section we will define classical and quantum states.
Classical states and quantumness witness

Classical states
The space of states S(L) is defined [14] by all real normalized positive linear functionals on L, i.e.
linear and such that ρ(1) = 1 and ρ(a 2 ) ≥ 0, ∀ a ∈ L. We can now define classical states.
A state that is not classical is quantum.
In other words, classical states do not "detect" the lack of associativity of the algebra and therefore (nonvanishing) triple commutators.
Remark. Observe that the above definition of classical states is applicable also to algebras of unbounded operators. More on this after Theorem 2.
Quantumness Witness
As a consequence of Theorem 1, for a quantum (i.e. non-commutative) system, it is always possible to find a triple of observables a, b, c such that the observable
is non-vanishing. Moreover, classical states (25) vanish on q-observables. Thus q ∈ L is a candidate "witness" for the quantum nature of the algebra of observables. Notice that, unlike usual (entanglement and quantumness) witnesses, q detects quantumness as soon as q = 0. However, if one wants to consider only positive witnesses, one can always use q 2 instead of q.
Characterization of classical states
One can give a nice characterization of classical states. We need some lemmas and definitions.
First of all we recall [9] that normal states ρ ∈ S(L) can be uniquely realized as traces over density matricesρ belonging to the LJB-algebra L:
Moreover, the set of all normal states is dense in S(L) in the weak topology. Therefore, considering only normal states is physically equivalent to considering the set of all states S(L).
Remark. In the finite dimensional case all states ρ ∈ S(L) are normal. Following Ref. [6] we will freely use this identification in the finite-dimensional case and will commit the sin of not distinguishing between states and density matrices.
Definition 2. Given a Lie algebra g, the derived algebra is [g, g], i.e. the subalgebra generated by taking all possible Lie commutators.
Remark. In many relevant cases the derived algebra is the whole algebra, and is called "perfect algebra". A more stringent result also holds true, that is all semisimple Lie algebras can be generated by repeated commutators of only two elements (see [15] and Theorem 4 in Sec. 6 of this article). This is true, e.g. for the algebras su(n). Proof. By using the the compatibility condition (14) , the Leibniz identity (13) and the properties of the trace we have:
Hence
The converse is obviously true from Eq. (28).
Lemma 2.
A density matrixρ is in the center of the algebra L if and only if the corresponding state ρ satisfies
for all a, b ∈ L.
Proof. Ifρ is in the center Z(L) then
From these lemmas it immediately follows the following Theorem 2. A normal state ρ on a LJB-algebra of observables L is classical if and only if
This recovers, for the finite-dimensional case, the result obtained in Ref. [6] . As emphasized before, classical states are "transparent" to all commutators and do not "detect" the non-commutativity of the algebra.
Remark. Notice that if a e a 2 = a • a commute, then the compatibility relation (13) implies the weak form of associativity (8) . The converse, i.e. that weak associativity implies commutativity of a and a 2 , is not obvious, and is the content of Theorem 6 in the Appendix, which relies on the fact that the irreducible representations of a C * -algebra separate its elements. For general * -algebras this might not be true.
Remark. Observe that the above characterization (32) would not be suitable in the infinite-dimensional case. Think for example of the CCR, [x,p] = i 1 ‡, which would imply ρ([x,p]) = i . By contrast, Definition 1 of classical states is also applicable to infinite-dimensional systems and the use of the Jordan product avoids the problems related to the CCR.
More on classicality and associativity in Lie-Jordan algebras
By taking advantage of the relations discussed above between LJB-algebras and other algebraic structures, such as C * -algebras and Lie algebras, one can obtain new interesting results as direct descendants of older ones. In particular, in this Section we will present two more theorems that can further enlighten our discussion of classicality in the framework of Lie-Jordan algebras.
The first theorem is on the characterization of associative LJB-algebras:
) with positive cone L + , the following statements are equivalent:
(ii) L is isomorphic to C(X, R), for some locally compact Hausdorff space X; if L has a unit, X is compact;
The above theorem translates the ideas explored in Refs. [16, 17, 3] in terms of LJB-algebras, their associativity and lack thereof. It follows that for a quantum system one can always find pairs of observables a, b ∈ L + such that the observable
is not positive semidefinite and can be adopted as a quantumness witness [2, 3, 6] . This definition appears as a particular case of the more general one (26). The second theorem concerns the generation of an algebra from a small set of observables, which is interesting for the following reasons. The characterizations and definitions of classicality (32) and quantumness (33) make use of simple commutators and anticommutators (that involve only couple of operators). By contrast, the strategy adopted in this article, hinging upon the identity (14) , makes use of commutators and anticommutators that involve three operators. If one aims at an operational approach [8] , towards experiments, one must make careful use of resources. For example, (traces of) anticommutators involving n operators are related to nth-order interference experiments and increasingly complicated quantum circuits. In light of this observation it is interesting to understand how one can generate the whole algebra by making use of a small set of generators via the Jordan product. We are going to prove in Theorem 5 that under suitable hypotheses, three generators are enough.
Definition 3.
A set of elements a 1 , . . . , a k is said to generate an algebra L if every element of L is linearly dependent on products of a 1 , . . . , a k ; the elements a 1 , . . . , a k are then called generators of L.
Kuranishi proved a sufficient condition for Lie algebras to be generated by two elements [15] : Theorem 4. Let g be a semisimple Lie algebra over the real or complex numbers. Then there exist two elements a and b which generate g. Remark. Observe that the unit cannot be generated by Lie products, and hence it will be "added by hand" whenever necessary.
The analogous for Lie-Jordan algebras of Kuranishi's theorem is the following Proof. For simplicity assume, without loss of generality, that the algebra is non-unital.
Since the Lie algebra (L, [·, ·]) is semisimple it can be generated by repeated Lie products of two elements a and b. Then starting from a and b we generate with a first Lie bracket:
and repeating
and so on. We see that all the elements generated by a, b and c are of the form of a triple commutator. Recalling the associator identity (14)
it follows that every element can be expressed as a linear combination of triple Jordan products, that is generated by Jordan products of a, b and c = [a, b].
For finite-dimensional quantum systems, the space of quantum states can be immersed into the semisimple Lie-Jordan algebra u(N), which can be Jordan-generated by three elements. This means that one could witness the properties of a system by repeated measures of anticommutators of appropriate elements of the algebra, which is in principle experimentally feasible. Further investigation is required to check if the elements generating the algebra correspond to realization of states as projectors in the algebra.
Conclusions and perspectives
In this article we proposed an alternative definition of quantumness witnesses and classical states that directly refers to the algebra of observables, and showed its equivalence with previous definitions that refer instead to the whole associative algebra, which is assumed to embed the real algebra of observables. This new definition has the advantage of being more operational, since it makes use only of observables. Moreover, it is also more suitable for generalization towards algebras of unbounded operators, because the Jordan product avoids the problems related to the CCR.
The characterization of classicality and quantumness adopted in this article involves three observables, in contrast to the use of a simple commutator. This could have a relation to the interesting property, proven in the paper, that semisimple Lie-Jordan algebras are fully generated by three appropriate observables, a results that points towards experiments.
As emphasized at the end of Sec. 5, while the characterization (32) is not suitable in the unbounded case, Definition 1 in Sec. 4 still applies. This opens a door to the study of unbounded observables in infinite-dimensional systems, such as coherent states [18, 19] , superpositions thereof, and the semiclassical limit [20, 21] .
We conclude with an observation. It is clear that the notion of classicality is not necessarily related to that of macroscopicity or to the thermodynamical limit. The research of the last few decades has shown that a quantum system can behave classically (or semiclassically) if (some of) its observables commute with every element in the algebra [22] . For example, dissipative quantum systems display a number of classical features [23] . The notions of classicality and quantumness should then be contrasted on the basis of the different footings on which observables and states stand. A natural conclusion is that one should look at the non-commutativity of the algebras. A somewhat more hidden aspect is that the lack of associativity may play an important role. This is the message we tried to convey in this article. If [a, b] = 0 then they trivially Jordan-commute. To prove the converse, recall that a LJB-algebra algebra is the self-adjoint part of a C * -algebra [14] , and that every irreducible representation of a C * -algebra separates elements, i.e. for every element of the algebra such that x = 0 there exists an irreducible representation π such that 
